In this paper, we give a set of sufficient conditions for the univalence, starlikeness and convexity of a certain newly-defined general family of integral operators in the open unit disk. Relevant connections of the results presented here with those that were obtained in earlier works as well as several interesting corollaries and consequences of the main results are also presented.
Introduction, Definitions and Preliminaries
Let H(U) denote the class of functions which are analytic in the open unit disk U = {z : z ∈ C and |z| < 1}.
Let A be the class of all functions f ∈ H(U), which are normalized by f (0) = 0 and f (0) = 1 and have the following form: f (z) = z + a 2 z 2 + a 3 z 3 + · · · (z ∈ U).
(1.1)
We denote by S the subclass of A consisting of functions which are also univalent in U. Robertson [19] studied the classes S * (λ) and K (λ) of starlike and convex functions of order λ in U, which are defined by S * (λ) = f : f ∈ A and z f (z) f (z) > λ (z ∈ U; λ < 1) (1.2) and K (λ) = f : f ∈ A and 1 + z f (z) f (z) > λ (z ∈ U; λ < 1) , (
respectively. In the case when 0 λ < 1, a function in each of the classes S * (λ) and K (λ) is univalent in U. If λ < 0, then a function in the classes S * (λ) and K (λ) may fail to be univalent in U (see, for details, [6] and [22] ). In particular, we have
Clearly, we have
and, as observed earlier by Ozaki and Nunokawa [11] , we can readily find that
Moreover, the function class B(ν) given by
is the subclass of A which was studied by Frasin and Darus [7] . Further generalizations of the class B(µ, ν) were studied by Prajapat et al. (see [15] and [17] ). In recent years, many authors have determined various sets of sufficient conditions for univalence of many different families of integral operators (see, for details, [3] , [4] and [5] ; see also the references cited in each of these works). In the present paper, we derive some sufficient conditions for the univalence, starlikeness and convexity of a general three-parameter family of integral operators
where the parameters α, β, γ ∈ C (β 0) are so constrained that the integral in (1.6) exists. The integral operator I α,β,γ generalizes several previously studied families of integral operators. For instance, we have
(z, )(z) = I α,β,M (z) (see [20] );
(vi) I α,1,0 ( f, )(z) = f α (z) (see [9] and [14] ).
We further observe each of the following interesting special cases of the integral operator I α,β,γ ( f, ):
where γ(κ, z) (κ) > 0 denotes the incomplete gamma function (see, for example, [1] ).
where B z (κ, ω) (κ) > 0 denotes the incomplete Beta function (see, for example, [1] ) and 2 F 1 denotes the Gauss hypergeometric function (see, for example, [1] and [21] ).
Univalence Properties of the Integral Operator
In order to investigate the conditions for univalence of the integral operator I α,β,γ ( f, ), we shall need each of the following lemmas.
Lemma 1 (see [12] and [16] ). Let α ∈ C with (α) > 0 and let the function h ∈ A satisfy the following condition:
Then, for any complex number β such that (β) (α), the function F β (z) given by
is analytic and univalent in U.
Lemma 2 (see [2] ). Let h ∈ A and β ∈ C with (β) > 0. Suppose also that, for some θ ∈ [0, 2π], the following inequality holds true:
Then the function F β (z) defined by (2.2) is analytic and univalent in U for all θ ∈ [0, 2π].
Theorem 1.
Let f ∈ A and ∈ B(µ, ν) (µ 0; 0 ν < 1). Suppose also that M 1 and M 2 are positive real numbers such that
Proof. We consider the function J(z) given by
which is regular in U. By differentiating (2.4) two times with respect to z, we get
by using the Schwarz Lemma, we have
Also, since (by hypothesis) ∈ B(µ, ν), we find from (1.6) and (2.5) that
Thus, by applying Lemma 1 for (α) = 1, it follows from (2.6) that the function I α,β,γ ( f, )(z) is in the class S.
Remark 1.
Various interesting corollaries and consequences of Theorem 1 can be deduced by suitably specializing the parameters α, β and γ, the parameters µ and ν, and the functions f (z) and (z), in Theorem 1. In particular, if we set µ = 2 and ν = 0 in Theorem 1, we get Corollary 1 which, in its further special case when β = γ = 1, would provide an improved form of a known result due to Ularu and Breaz [24, p. 659, Theorem 1.1].
Corollary 1.
Let f ∈ A and ∈ S. Suppose also that M 1 and M 2 are positive real numbers such that
) , then the function I α,β,γ ( f, )(z) is in the class S. Remark 2. Theorem 1 and Corollary 1 can also be specialized to derive the corresponding univalence properties of the integral operator I 1,β, 1 M (z, ) defined by
which was studied by Şendruţiu and Oros [20] . The details involved are fairly straightforward and are, therefore, being omitted here.
and ∈ B(µ, ν).
Suppose also that M is a positive real number such that
then the function I α,β,γ ( f, )(z) is in the class S.
Proof. Consider the function J(z) defined by (2.4). Then, just as in the proof of Theorem 1, it is easily seen that
Now, from the hypothesis and the Schwarz Lemma, we have
Therefore, we find from (2.8) that
We next consider a function G : [0, 1) → R given by
for which we have
Thus, by using the hypothesis and the equation (2.9), we conclude that
Finally, by applying Lemma 1, it follows from (2.10) that the function I α,β,γ ( f, )(z) is in the class S.
For µ = 2 and ν = 0 (or, alternatively, for µ = 1 and ν = 0), Theorem 2 yields the following corollary.
or, alternatively, let
Theorem 3. Let α > 0 and β ∈ C with (β) > 0. If the functions f, ∈ A satisfy the following inequality:
for all z ∈ U and θ ∈ [0, 2π]. Then the function I α,β,γ ( f, )(z) is in the class S.
Proof. For the function J(z) given by (2.4), we find (as in the case of Theorem 1) that
The assertion of Theorem 3 about the univalence of the function I α,β,γ ( f, )(z) now follows from Lemma 2.
M/δ , which was studied by Oros et al. [10] .
Starlikeness Properties of the Integral Operator
We shall need the following lemma to investigate the starlikeness properties of the integral operator I α,β,γ ( f, ).
Lemma 3 (see [18] ). Let the functions Θ(z) and Φ(z) be analytic in U with Θ(0) = Φ(0) = 0 and let σ be a real number. Suppose also that the function Ψ(z) maps U onto a region which is starlike with respect to the origin. Then the inequality:
then the function I α,β,γ ( f, )(z) is in the class S * .
Proof. For the function F(z) given by
we have
By setting Θ(z) = zF (z) and
we find from the equation (3.1) that
Now, by using the hypothesis and the Schwarz Lemma in this last equation (3.2), we get
which implies that Θ (z) Φ (z) > 0 (z ∈ U).
Thus, by applying Lemma 3, we conclude that
that is, that I α,β,γ ( f, )(z) ∈ S * . This evidently completes the proof of Theorem 3. Remark 6. Just as we observed in Remark 1 in connection with Theorem 1, many other interesting corollaries and consequences of Theorems 2 to 6 can also be deduced by suitably specializing the parameters α, β and γ, the parameters µ and ν, and the functions f (z) and (z), in Theorems 2 to 6. The details involved are being left as an exercise for the interested reader.
